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We propose the use of the Bubnov-Galerkin procedure to the search for self-
oscillations, We establish the existence and the convergence of the approxi-
mations, In the basic case we have obtained the asymptotics of the rate of
convergence, In [1] it was shown, on the basis of the results in [2], how we
can construct finite-dimensional approximations to the periodic solutions of
autonomous systems, Below we have pointed out another approach to solving
the approximation problem, based on the parameter functionalization method
proposed in [3],

1. We first consider an autonomous system of ordinary differential equations

dzldt = f(z) (v & R (1.1)

where f is a continuously differentiable mapping of a region G (Z R® into R™. We
assume that in region G system (1.1) has an isolated cycle I' whose smallest positive
period is w,. Let Z,& I' and let x* (¢) be the solution of system (1,1) with the ini-
tial condition o at £ = (. We assume cycle I' to be simple, i, e, unity is a simple
eigenvalue of the translation operator at time @, along the trajectories of the variational
system
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dg/dt = f, [z* ()] § (1.2)

Let C [0, 1] be the Banach space of functions continuous on [0, 1] with values in R™,
assuming equal values at the endpoints of the interval [0, 1]. By P,, we denote the
finite~dimensional projector associating with every continuous function u (t)&=( [0, 1]
having the Fourier series o

u(t)y=a, -+ Z (ay cos 2knt - by, sin 2knt)

k=t

a part m
U (T) = g + D) (ag c08 2knt - by sin 2knt)

k=1
of the series, Let (7, be some neighborhood of the element u, (T) = z* (To,)
(0 << v << 1) of space C [0,1]. We assume that a strictly positive functional Q (u)
has been defined in G, . The trigonometrical polynomials u,(t) (0 < v <{ 1) which
are the solutions of the finite=dimensional algebraic systern

dup/dt = PpQ (um) f (um) (1.3)

are called the Galerkin approximations of system (1,1),
Theorem 1, Assume that functional Q (u) is continuously differentiable at point
uo and satisfies the conditions

Q (ug) = @, Ry (uy) (duy/dr) + 0

Then the Galerkin approximations u,, exist for sufficiently large m and converge to u,;
moreover, the following bounds on the rate of convergence

a | (I — Pr) uglle<[ug— umle < ax|[({ — Pn) ugfec

are valid for some ay, a; > 0.
Proof, By the equality
Huy = 2 (27k)™1 (— by cos 2kn T |- ay sin 2knt)
k=1
we define an operator acting from the space Ly [0, 1] of square-summable functions
with values in ™ into the space C [0, 1]. Obviously, H is completely continuous,
Using H we now introduce a completely continuous operator acting in space C [0, 1]
(analogous to the integral operator considered earlier in [4] for nonautonomous systems)
1
Uou (1) = { {1 (v) + Q) fu (@)} dv + .4
0

H(I—P) Q@) fu(r)] (u&Gy)

Let u (7) be a fixed point of operator U, i.e.
1
=@+ Qwimmld+ BT —P)Q@k@® 1.5
0
The function u (T) assumes equal values at the endpoints of interval [0, 1], Further, by
integrating identity (1, 5) over the interval [0, 1], we obtain
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§ Q) fu(wdr=0

aman it fallacea that F D2 ()1 FZn Y B TR roy Aleaien ol
LI v 1I0LIOWS Ll.ld _[ L \It}] == ‘l - I'o, l [ll, \l:’j 1

Q (u) f [u (v)] by differentiating (1,4). Thus, the fixed points of operator Ug are
singly-periodic solutions of the system

duldv = Q (u) f [u (v)] (1.6)
The converse is true also, It is not difficult to see that the system of algebraic equations
Uy, = Pngum
is equivalent to system (1, 3), Consequently, the question of Galerkin approximations

to system (1,1) is equivalent to the question of searching for the usual Galerkin appro-

ximations for the equation
u = Ugu

in the Banach space C [0,1].
Let us show first of all that unity is not an eigenvalue of operator (Ug), (4,). To do
this we write the equation & = (Ug), (u,) 4 in greater detail

h(v) = hmw+&9mnmmh+9wwmmmm+
H (I — Po){® (ue) Fultto (V) A+ Qu (uo) f (1o (O]}
We see that A (1) is a singly-periodic solution of the system of equations
dhidv = ©uf, lug (D1 h 4 Q, (ug) b f lu,y (9]

We set T, = ¢, P () = h (#/©,). Then the function ¢ (?) is an @,-periodic solution
of the system of equations
1 .
dpjdt = f, [2XD)] P + 5 Qu (o) k2™ (2)
The latter is possible only if

Wy

Q @)k § (@ @), o) dt =

Here @ (1) is an w,-periodic solution of the adjoint system

dy/dt = — f,.* [2* ()] y
We consider two possible cases, At first let
We
§ @ 0,0t =
o .
Then, obviously,
(z* (0), 9 (0)) =0 .7

By @ (t) we denote the fundamental matrix of the system of differential equations
(1. 2) satisfying the condition @ (0) = I. We see that @ (w,) z™* (0) = z"* (0) and
¢ (0) = O* (w,) ¢ (0). Therefore, from equality (1.7) it follows that the equation

z = @ () z + z*(0) e /"
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has a nontrivial solution, This contradicts the simplicity of the unit eigenvalue of the
translation operator @ ().

If Q, (uy) k= 0,then, obviously, ¥ () = kz* (¢) and h (v) = ku, (7). Then from
the hypotheses of Theorem 1 it follows that & = 0 and, therefore, k (t) =0. Conse-
quently, unity is not an eigenvalue of operator (Ug), (o). We note, finally, that operator
Ugq can be represented as Unu = TSu

1

Tu=H(I—Pyu +u(v)dr

Su = Su(r)dr + Q (u) flu(1)]
0
moreover,

PuT =TPn  lim|T(I — Pp)|peec =0

The theorem's assertion now follows from a lemma established in [4], The theorem is
proved,

We should add that the existence and the convergence of the Galerkin approximations
can be established even when system (1.1) has a family of cycles, For example, if the
rotation y (I — Ugq, G°) of a completely continuous vector field / — Ug on the
boundary G* of some region @ is nonzero, then for sufficiently large m the Galerkin
approximations exist and converge to the set of singly-periodic solutions of system (1, 6),
The contiguity theorem established in [5] can prove useful for computingy (I~ Ug,G")

2, Let us now consider a system of differential-difference equations

defdt = fle (£ —hy), . . -, z (t — hy)l (2.1)
z, f € R", o<s<nn<... <h

We assume that f (zy, . . ., z,) is defined and continuously differentiable in R"X
... X R™ and assumes values in R™. Further, let there be an isolated cycle I' in system
(2.1), which is defined by the w,~periodic solution x* (#). We take it that the system
of variational equations k

d

Lo = D) fula* =R,y . 2 — R)IE 2.2)

i=1

has a one-dimensional subspace of w,~periodic solutions, (Obviously, z'* () belongs
to this subspace), Finally, let the inequality

g k

§(@e*t) + D hifag*(t — R, @()dt 0

[ i=1
be valid for some o ~periodic solution @ (¢) of the system adjoint to (2,2) [6]. We say
that such cycles are quasi-simple,

Let us show how the Galerkin procedure can be used for the approximate search for

quasi-simple cycles. For this purpose we introduce the space C; [0,1] of functions
u () continuously differentiable on [0, 1] with values in R™, for which z (0) = u (1),
u’ (0) = u* (1). The function g, (1) = z* (T,) (0 << 7 < 1) belongs to C,.0,1].
We assume that a randomly-taken positive functional Q (u) has been defined in some
neighborhood G,ofa point u, & C, [0, 1], is continuously differentiable at point u,
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and satisfies the conditions
Q (ug) = w4, Qp (1) (du, / dr) +0

The trigonometrical polynomials i, which are solutions of the following algebraic
system du h h. ) }
1 _——f
dt = PQum)f [um( Q(um}),...,um<1 Yo

are called the Galerkin approximations to system (2,1).
Theorem 2, The Galerkin approximations exist for sufficiently large m and con-
verge to u,. Furthermore, the inequalities

@y [(I — Pr) g fe, <[ o — thmflo, < | (I — Pr) ol 2.3)

are valid for some a;, ay > 0,

To prove this theorem we need to examine the equation ¢ = Ugqu in the space
C; 10, 1] and to verify that: (1) unity is not an eigenvalue of the operator (Ug),
(zy); (2) PuT = TPp; (3) hmﬂ T (I — Pp) |r,s6, = 0.1t remains vague
whether estimates of type (2. 3) can ! be established in the space C [0, 1] for differ-
entialedifference equations,

The author thanks M, A, Krasnosel'skii for attention to this paper,
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